Pre-Calculus 120B

Limits L2
Left-Hand and Right-Hand Limits

The graph of following the piecewise-defined function shows that there is a break in the graph.
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Notice that as x approaches —1 from the left, the f(x) values are \

approaching , but as x approaches -1 from the right, the \'\ 4
f(x) values are approaching . Since the f(x) values do not " ? 3T
approach the same number as x approaches —1 from the left and \ /
from the right, the limit does not exist at x= —1.
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However, even though the limit does not exist at x = -1, we

R A
can still describe the behaviour of the graph using one-sided limits. —
These one-sided limits have their own special notation.
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Left-Hand Limit Notation: lim f(x) “the limit of f(x) as x approaches c from the left”

Right-Hand Limit Notation: lim #(x) “the limit of f(x) as x approaches ¢ from the right”

One-Sided Limit Theorem

limf(x)=Lif and only if lim f(x)=

X—>C

lim A(x) =L

We can use this theorem in two different ways:

1. If lim #(x) # lim £(x), then lim/(x) does not exist .
2. If lim f(x) = lim f(x) = L, then lim#(x) =L
———
Example 1: Finding One-Sided Limits from a Graph

Find the following limits, if they exist.

a. lirpsf(x) b. lirr]n‘(x)
Solution:

Use the graph of f(x) shown above. For the limit to exist, the left-and right-hand limits must equal each other.
a. lim f(x)=

) lin'31+ f(x)= Since lin} f(x)= lin’;+ f(x), then lin_13 f(x)=
b. limf(x)= lim F(x) =
x—1 x—1"

Since lim 7(x) # lim f(x), then lin’lmf(x) =
x—1" x—1" X—
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Example 2: Sketching Graphs of Piecewise Functions and Determining One-Sided Limits

¥ 15 ifxe?

a. Given the piecewise function:  f(x)=
It ifx=2

i. Sketch the graph of f (x).

ii. Find the following limits, if they exist.

° Iir? f(x) =

° lir;lf(x):
o lim#(x) I 5 5 T3

x> -4x-2, x<0
b. Given the piecewise function: f(x)={ X X X }

(x-1%-1, x>0

i. Sketch the graph of f(x).

ii. Find the following limits, if they exist. i
e lim f(x) =
x>0~

e |lim f(x) = 2

x—0*

[ ) )l(ll’)];)]f(x) = - B ¥ 5 5 - ] ‘
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Example 3: Finding One-Sided Limits Given the Equation of a Function

2x -1, x < -1
Given the piecewise function f(x)=<x°+1, —1<x<1;, determine the following limits, if they exist.
-x+3, x>1
a. lirrj1 f(x) b. lirr]n’(x)
Solution:
a. Step 1: Calculate the left-hand limit b. Step 1: Calculate the left-hand limit
Jm F) = lim ()= A i =fiml—)-
Step 2: Calculate the right-hand limit Step 2: Calculate the right-hand limit
im0 =Jim )= i) =)=
Step 3: Compare the left- and right-hand limits Step 3: Compare the left- and right-hand limits
Since lim f(x) = lim f(x), then lim] f(x)= lim f(x)=lim f(x), so lim] f(x)=
x—-1" x—>-1" X—>— - x> x—T1 X

Example 4: Finding One-Sided Limits Given the Equation of a Function

2|lx -6
Rewrite f(x) = |—6| as a piecewise function, and then determine lirr; f(x), if it exists.
X

Solution:

Recall that |X - 6| =

2lx -6
So. F(x)= 2x-6_
x—6
lim f(x) = lim f(x) =
X6~ x—6"

Since lir? f(x)+ lin; f(x), then Iirr;f(x) =
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Practice:

1. Use the graph shown to determine the following limits.

5 z/z\hz (
1\

_3--
a) lim_f(x) b) lim f(x) c) lim f(x)
d) lim f(x) e) lim f(x) f) limf(x)
g) lim f(x) h) lim f(x) i) lim f(x)
0 f=3) K f(1) ) f3)

2. Sketch each piecewise function. Determine the given limit, if it exists. If the limit does not exist, provide
an explanation.

2 r<1 lx+ 2] +1 xr <=1
! b. — e _ = C. ’
f{x]=[3 Cx=1  pw={tTy TEerE? f{x}=[-x+1 ~l=x=1
i+1, x>=1 ' x xE—=2x+2 , x=1
Find lim f(x) Find lim f{x) Find lim f(x)
x—+1 x> 2 x—+1

3. Determine the given limit, if it exists. If the limit does not exist, provide an explanation.

. , \ 2 -2x+1 x<-1]
2x—-1 x=-2 —x +4x—3 x<l * i
aj f[:-":}_{_x_g__ _r::-—E} b) f(x)_{r—?_, x21] c) @)= —%—;__ xz-1 ’>
F- 7 1- ; . — Lo e .
ind lim f(x) Find £ﬂ1 f(x) Find .1,1{111 1165

x+3 xe(—m, D]‘ ' )
Fflx)={-x+2. x=(0.2) flx)= %51'11: i

(x—-2)%, xe[2.o) | -
Find HEJl fix) and lii'r} fix)

=

d)
(x-3)"-1  2<x<4

Find lim f(x)
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3l-x+2
4. Rewrite f(X) =|—2| as a piecewise function and then determine the following limits.
X+

a) lim f(x) b) lim f(x) ¢ limf(x)

~

5. Consider the graph of a piecewise function shown to the right.

w

a. What is a possible equation for this function?

b. i) Determine lim f (x) ., if it exists.
X—>

-
[

ii) Determine Iir‘r; f(X), if it exists.
X—>

3t+b t<4

” , Where b is a constant.
2—bt t=4

6. The function f(t) is defined by f(t) = {
a. Find lim f(t) and lim f(t) in terms of b.
t—4" t—4~

b. If Itm} f (t) exists, determine the value of b.

Answers:

L a) lim f(x)=-2 b) lim f(x) = -2 ¢) lim f(x)=-2
d) lim f(x) =1 e) lim fx)=1 f) limf(x)=1
g lim f(x)=-2 h) lim f(x) =1 i) lim f(x) does not exist
i} £(=3) =undefined K (1) =1 ) £3) =—2

2. a)

lim f(x)=2 and lim f(x)=2
x—=1- x— 1%
Since the limits from the left and right of 1 are equal,

[RREEEEEEEE ] R e - lim fx) =2
x—1

------------------------------------------
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b)

lim fix)=0 and lim flx)=0
x— 2 x— 2%

Since the limits from the left and right of 2 are equal,

Iim flx)=0 and lim f(x)=1
x= 1" x— 1%

Since the limits from the left and right of 1 are not equal,

]irri fix) does not exist.
x—

Since lim f(x)= lim f(x)=4,
x——1" x—-1"

3. a) limf(x)=4 b) lim f(x)=0
) lim £() ) lim f(x) c) then lim f (x) =4

x—1"

lim f(x)=3 lim f(x)=0
x—0" X—2"
lim f(x) =2 lim f(x) =0
x—>0" x—2*

Since Iirg] f(x)# Iin; f(x), Since Iirg f(x)= "”21 f(x)=0,

then Iirrg f (x) DNE then Iirrg f(x)=0

lim f(x)=0
X—2"

lim f(x)=0

x—2*

e
) Since Iin; f(x)= Iin; f(x)=0,

then Iirrg f(x)=0
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3(—x+2)
—2 X<£2

f(X): —X+2 :{3, XSZ}
3(x-2) oo -3, x>2
-x+2 '

a) lim f(x)=3 b) lim f(x)=-3 c¢) Since lim f(x) = lim f(x), then Iirr; f (x) DNE
x—2" X—2" x—>2* X—>

x—2"

2lx+1|—-2 x <0
5. a) A possible defining equation is f(x:]:{ 3 0<x=<2
—/x—24+3 x =2

b) i) The limit as x approaches 0 does not exist since the limit from the left does not equal the
limit from the right.

1113;1_ flx)=0 linc;1+f(xj =3 Therefore lin*é f(x) does not exist

ii) The limit as x approaches 2 equals 3 since the limit from the left equals the limit from the
right.

lim_f(x)=3 lim f(x)=3 Therefore lim f(x) =3

6a. lim f(t)

4t

=2 —16b and 1111"1_ f(t)=12+b
t—

b. |If IinJ f(t) exists, then lim f(t)=Ilim f(t), so 2-16b=12+b — b:—%
X—> t—4" t—4"



